Abstract. We prove that a closed arithmetic hyperbolic 3-manifold with positive first betti number has virtually infinite first betti number.
If X is a manifold, let H k (X) denote the space of harmonic k-forms on X. If S is a symmetric space, with G = Isom 0 (S) let β k G (S) be the dimension of G-invariant harmonic k-forms on S. Clearly, β 0 G (S) = β n G (S) = 1. Theorem 0.1. Let S be an n dimensional symmetric space, such that G = Isom 0 (S) is simple, and Λ < G a uniform arithmetic torsion-free lattice. Suppose that
Proof. Since β k (S/Λ) > 0, by Hodge's theorem, there exists a non-zero harmonic k-form ω ∈ H k (S/Λ). The pullback of ω to S is a harmonic formω ∈ H k (S), such thatω is invariant under Λ. That is, for all g ∈ Λ, g * (ω) = (g −1 )
, we may assume thatω is not G-invariant. At each point x ∈ S, there is a canonical norm and inner product on Λ k (T x (S)), such that the collection of these norms is equivariant under the action of G on S. The space H k (S) may be given an inner product , , by integrating the canonical inner product on Λ k (T x (S)) over a compact ball B x (R), for some x ∈ S, R > 0. The action of G on H k (S) is continuous with respect to the topology on H k (S) induced by this inner product. Since a form α ∈ H k (S) is harmonic, clearly α = 0 if and only if α = 0. Consider the vector space V = span{g * (ω)|g ∈ Comm(Λ)}. Clearly,
is invariant under the action of Γ for all i, and therefore Γ acts trivially on V . We must show that V ⊂ H k (S) is a closed subspace. Suppose that v ∞ ∈ H k (S) is a limit of elements v j ∈ V . Since v ∞ / ∈ V , and V has an orthonormal basis {u i , i = 1, . . . , m}, we may take
But by continuity of the inner product, 0 = v j , u → v ∞ , u = 0, a contradiction. Let g ∈ G be an arbitrary element. Then we want to show that g * (ω) ∈ V . Since Comm(Λ) = G, we may find a sequence of elements g i ∈ Comm(Λ), such that lim i→∞ g i = g. Then clearly lim i→∞ g i * (ω) = g * (ω), both pointwise and in the topology induced by the inner product , on H k (S), since G acts continuously. Since V is closed in H k (S), we see that g * (ω) ∈ V . But this means that V is invariant under the action of G. Since Γ acts trivially on V , and Γ normally generates G, we see that G acts trivially on V . This is a contradiction, sinceω ∈ V is not G-invariant.
Thus, we may assume that V is infinite dimensional. For any i, choose g 1 , . . . , g i ∈ Comm(Λ) such that {g j * (ω)|j = 1, . . . , i} are linearly independent. Then as before, let Γ = ∩ j (g j Λg −1 j ). Then span{g j * (ω)|j = 1, . . . , i} is fixed by Γ, and thus
Theorem 0.2. Let M be an arithmetic hyperbolic 3-manifold, such that β 1 (M) > 0. Then M has infinite virtual positive first betti number.
So by theorem 0.1, for any i > 0, there exists Λ i < Λ such that
Thus, M has infinite virtual positive first betti number. 2
Remark: The result of Theorem 0.1 is originally due to Borel and Serre in the case that Λ is a congruence arithmetic lattice [1] . The argument of Theorem 0.1 may also be used to show that for any G-invariant bundle E → S, and Ψ a G-invariant elliptic operator on E. Then if there exists a Λ invariant section µ : S → E, which is not G-invariant, and such that Ψµ = 0, then there exist Λ i < Λ such that the dimension of Λ i -invariant solutions to Ψκ = 0 is ≥ i. For example, one can show that if λ is a non-zero eigenvalue of ∆ on S/Λ, then there is Λ i such that the multiplicity of λ as an eigenvalue of ∆ on S/Λ is ≥ i. Also, Theorem 0.1 ought to generalize to non-uniform lattices, but would require an understanding of the Hodge theory for non-uniform lattices. The extension to general arithmetic groups follows if one shows that the arithmetic lattice normally generates Isom 0 (S).
